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Abstract 

The ternary quadratic equation ( ) 222 4332 zxyyx =−+  representing cone is 

analyzed by its nonzero distinct integer points on it. Employing the integer 

solutions, a few relations between the solutions and special polygonal numbers 

are presented. 

1. Introduction 

The ternary quadratic Diophantine equation offers an unlimited field for research 

because of their variety [1-2]. In particular, one may refer [3-23] for finding points 

on some specific three dimensional surfaces. This communication concerns with yet 

another ternary quadratic equation ( ) 222 4332 zxyyx =−+  representing cone for 

determining its infinitely many integer solutions. Employing integral solutions on the 

cone, a few interesting relations among the special polygonal and pyramidal numbers 

are given. 

Notations. 
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2. Method of Analysis 

Consider the equation 

 ( ) .4332 222
zxyyx =−+  (1) 

The substitution of linear transformations 

 ;vux +=    vuy −=     ( )0≠≠ vu  (2) 

in (1) leads to 

 .437 22 2

zvu =+  (3) 

The above equation is solved through different methods and using (2), different 

patterns of integer solutions to (1) are obtained. 

Pattern 1 

Write 43 as 

 ( )( ).767643 ii −+=  (4) 

Assume 

 ,7
22

baZ +=  (5) 

where a and b are non zero integers. 

Using (4) and (5) in (3) and employing the method of factorization, define 

 ( ) ( ) ( ) .7767
2

biaiviu ++=+  (6) 
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Equating real and imaginary parts, we have 

,14426
22

abbau −−=  

.127 22
abbav +−=  

Substituting the above values of u and v in (2), the values of x and y are given by 

( ) ,2497, 22 abbabaxx −−==  

 ( ) .26355, 22 abbabayy −−==  (7) 

Thus (5) and (7) represent non zero distinct integral solutions of (1) in two 

parameters. 

Properties. 

● ( ) ( ) ( ).280mod702628012,512, ,6,4 −≡++−−− aa ttaazaay  

● ( ) ( ) ( ).196mod984981,71, ,3,4 −≡+++−+ aa ttaazaax  

● ( ) ( ) .0521035,535, ,7,4 =+−−+− aa ttaazaay  

● ( ) ( ) ( ).168mod5624126223,23, ,8,4,4 −≡−+−−−− aaa tttaayaax  

● ( ) ( ) .02141,71, ,4 =+−+++ aa prtaazaax  

● 

( ) ( ) aaa tttaayaax ,9,4,4 5641161257,57, ++−−+−  

(( ).5880mod2100−≡  

● ( ) ( ) ( ).1008mod37826672434,34, ,10,4,4 −≡++−−−− aaa tttaazaay  

● ( ) ( ) ( ).56mod28522861,1,
5

,4,4

22
2 −≡++−+++ aaa

Pttaazaay  

● ( ) ( ) .422168168812,12, ,4,4,4
22

2 −≡+−+−−+− naaa SOtttaaxaaz  

● 

( ) ( ) ( ) aaa prttaazaayaax 2877131,1,1, ,4,4 ++−+++++  

( ).154mod77−≡  
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Pattern 2 

Write 43 as 

 ( )( ).767643 ii −−+−=  (8) 

Using (8) and (5) in (3) and employing the method of factorizations, define 

 ( ) ( ) ( ) .7767
2

biaiviu ++−=+  (9) 

Equating real and imaginary parts, we have 

,14426
22

abbau −+−=  

.127 22
abbav −−=  

Substituting the values of u and v in (2), the values of x and y are given by 

( ) ,26355, 22 abbabaxx −+−==  

( ) .2497, 22 abbabayy −+−==  (10) 

Thus (5) and (10) represent non zero distinct integral solutions of (1) in two 

parameters. 

Pattern 3 

Consider (3) as 

 ( ).736 2222 vzzu −=−  (11) 

Write (11) in the form of ratio as 

( )
zu

vz

vz

zu

6

76

−

−
=

+

+
 

,
β

α
=    0≠β  

which is equivalent to the following two equations 

( ) ,06 =α−β+α−β zvu  

( ) .0767 =β+α+β−α− zvu  
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On employing the method of cross multiplication, we get 

,14426 22 αβ−β+α−=u  

,712 22 β−αβ−α=v  (12) 

.7 22 α−β−=z  (13)  

Substituting the values of u and v in (2), the non zero distinct integral values of x and 

y are given by 

( ) ,26355, 22 αβ−β+α−=βα= xx  

( ) .2497, 22 αβ−β+α−=βα= yy  (14) 

Thus (13) and (14) represent the nonzero distinct integer solutions of (1) in two 

parameters. 

Properties. 

● ( ) ( ) ( ).140mod7052701,51, ,3,4 ≡+−+−+ aa ttaazaax  

● ( ) ( ) ( ).168mod2852252613,51, ,5,4,4 ≡+−+−+− aaa tttaazaax  

● ( ) ( ) ( ).224mod562224612,12, ,6,4,4 ≡+−+−−− aaa tttaazaay  

● ( ) ( ) ( ).1260mod37841050835,35, ,7,3,4 ≡+−+−+− aaa tttaazaay  

● ( ) ( ) ( ).168mod5624126223,23, ,8,4,4 −≡++−−−− aaa tttaayaax  

● ( ) ( ) ( ).2016mod7562813441234,34, ,10,4,4 ≡+−+−+− aaa tttaayaax  

● ( ) ( ) .04141,71,
5

,4

22
2 ≡+++++ aa

ptaazaay  

● ( ) ( ) ( ).196mod982981,71, ,4 ≡+−+−+ aa prtaazaay  

● ( ) ( ) .602240824088612,1312, ,4,4,4
22

2 −=−+−−−− aaa tttaayaax  

● 

( ) ( ) aaaa oHtttaayaax 156268826889612,1312, ,4,4,4
22

2 +−−++++  

.672=  
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Pattern 4 

Write (11) in the form of ratio as 

( )
( )

zu

vz

vz

zu

67

6

−

−
=

+

+
 

,
β

α
=    0≠β  

which is equivalent to the following two equations: 

( ) ,0767 =α−β+α−β zvu  

( ) .06 =β+α+β−α− zvu  

On employing the method of cross multiplication, we get 

,61442 22 β+αβ−α−=u  

,127 22 β−αβ−α=v  (15) 

.7 22 β−α−=z  (16) 

Substituting the values of u and v in (2), the non zero distinct integral values of x and 

y are given by 

( ) ,52635, 22 β+αβ−α−=βα= xx  

( ) .7249, 22 β+αβ−α−=βα= yy  (17) 

Thus (16) and (17) represent the nonzero distinct integer solutions of (1) in two 

parameters. 

Pattern 5 

Write (3) as 

 .437 222
uzv −=  (18) 

Assume 

 .43 22
bav −=  (19) 
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Write 7 as 

 ( )( ).6436437 −+=  (20) 

Using (19) and (20) in (18), employing the method of factorization, define 

 ( ) ( )( ) .4364343
2

bauz ++=+  (21) 

Equating rational and irrational parts, we get 

,866258
22

abbau ++=  

( ) .1243, 22 abbabazz ++==  (22) 

Substituting the values of u and v in (2), we get 

( ) ,865301, 22 abbabaxx ++==  

( ) .867215, 22 abbabayy ++==  (23) 

Thus (22) and (23) represent the integer solutions of (1). 

Properties: 

● ( ) ( ) ( ).4mod22861,1, ,4,4 −≡+−+−+ aa ttaayaax  

● ( ) ( ) ( ).24mod12344125161,1, ,3,4,4 ≡−−−+++ aaa tttaayaax  

● ( ) ( ) .060861,51, ,4 =+−+−+ aa prtaazaax  

● ( ) ( ) ( ).20mod10292105161,51, ,3,4,4 ≡−−−+++ aaa tttaazaax  

● ( ) ( ) .048613,713, ,5,4 =−+−−− aa ttaazaay  

● ( ) ( ) ( ).420mod12634035051635,735, ,7,4,4 ≡−−−−+− aaa tttaazaay  

● ( ) ( ) ( ).96mod32987225823,23, ,8,4,4 ≡−−−−+− aaa tttaazaay  

● ( ) ( ) ( ).144mod54749617234,34, ,10,4,4 ≡−−−−−− aaa tttaazaay  

● ( ) ( ) ( ).12mod619663441,1,
5

,4,4

22
2 ≡−−−+++ aaa

pttaaxaaz  
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● 

( ) ( ) ( )12,12,12, 222 −+−+− aazaayaax  

aaaa
sottt 1845252559 ,4,4,4 22 −+−−  

.13=  

Pattern 6 

Consider (3) as 

 .1437 222 ×=+ zvu  (24) 

Write 43 as 

 ( )( ).767643 ii −+=  (25) 

Write 1 as 

 
( )( )

.
16

7373
1

ii −+
=  (26) 

Using (5), (25), (26) in (24) and employing the method of factorization, define 

( ) ( ) ( ) .
4

73
7767

2 






 +
++=+

i
biaiviu  

Equating real and imaginary parts, we have 

[ ],1267711
4

1 22
abbau −−=  

[ ],22639
4

1 22
abbav +−=  

As our interest is on finding integer solutions, choose a and b so that u and v are 

integers. Replacing a by ,4a  b by ,4b  we have 

( ),74 22
baz +=  

,1267711
22

abbau −−=  

.22639 22
abbav +−=  (27) 
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Substituting u and v in (2), we have 

( ) ,10414020, 22
abbabaxx −−==  

( ) .148142, 22
abbabayy −−==  (28) 

Thus (27) and (28) represent the non zero distinct integral solutions of (1) in two 

parameters. 

Properties: 

● ( ) ( ) .027521,101, ,3 =−+−+ ataayaax  

● ( ) ( ) ( ).336mod5659250413,13,2 ,5,4 −≡++−−− aa ttaazaay  

● ( ) ( ) .0296812,12,2 ,6,4 =+−−+− aa ttaazaay  

● ( ) ( ) ( ).308mod154252154221,1, ,4,4 −≡++−+++ aaa prttaayaax  

● ( ) ( ) .1124481044482412,12, ,4,4,4
22

2 −=−++−−+− aaaa tsottaazaax  

● ( ) ( ) .144445656612,12, ,4,4,4

22
22 =+−−−+++ aaaa

OHtttaazaay  

● ( ) ( ) ( ).3780mod11348831501835,35, ,7,4,4 −≡−+−−−− aaa tttaayaax  

● ( ) ( ) ( ).4032mod151210426881634,34, ,10,4,4 −≡++−−−− aaa tttaazaax  

● ( ) ( ) ( ).2940mod10502962058257,57, ,9,4,4 −≡+++−−− aaa tttaazaay  

● 

( ) ( ) ( ) aaa tttaazaayaax ,8,4,4 25211342623,23,23, ++−−+−+−  

( ).1512mod504−≡  

Pattern 7 

Consider 1 as 

 
( )( )

.
121

743743
1

ii −+
=  (29) 
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Using (25), (29), (5) in (24) and employing the method of factorization, define 

( ) ( )( ) .
11

743
7767

2 






 +
++=+

i
biaiviu  

Equating real and imaginary parts, we have 

[ ],3787010
11

1 22
abbau −+−=  

[ ].2018927
11

1 22
abbav −−=  

As our interest is on finding integer solutions, choose a and b so that u and v are 

integers. Replacing a by ,11a  b by ,11b  we have 

( ),7121 22
baz +=  

,4158770110
22

abbau −+−=  

.2202079297 22
abbav −−=  (30) 

Substituting u and v in (2), we have 

( ) ,43781309187, 22
abbabaxx −−==  

 ( ) .39382849407, 22
abbabayy −+−==  (31) 

Thus (30) and (31) represent the non zero distinct integral solutions of (1) in two 

parameters. 

Pattern 8 

Also, 1 is represented as 

 
( ) ( )

.
64

731731
1

ii −+
=  (32) 

Using (25), (32), (5) in (24) and employing the method of factorization, define 

( ) ( )( ) .
8

731
7767

2 






 +
++=+

i
biaiviu  
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Equating real sand imaginary parts, we have 

[ ],26610515
8

1 22
abbau −+−=  

[ ].1331930
8

1 22
abbav −+−=  

As our interest is on finding integer solutions, choose a and b so that u and v are 

integers. Replacing a by ,8a  b by ,8b  we have 

( ),764 22
baz +=  

,2128840120
22

abbau −+−=  

.2401064152 22
abbav −−=  (33) 

Substituting u and v in (2), we have 

( ) ,236822432, 22
abbabaxx −−==  

 ( ) .18881904272, 22
abbabayy −+−==  (34) 

Thus (33) and (34) represent the non zero distinct integral solutions of (1) in two 

parameters. 

Pattern 9 

Also, 1 is represented as 

 
( ) ( )

.
16

7373
1

ii −−+−
=  (35) 

Using (25), (5) and (35) in (24) and employing the method of factorization, define 

( ) ( )( ) .
4

73
7767

2







 +−
++=+

i
biaiviu  

Equating real and imaginary parts, we have 

[ ],4217525
4

1 22
abbau −+−=  

[ ].50213
4

1 22
abbav −−=  
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As our interest is on finding integer solutions, choose a and b so that u and v are 

integers. Replacing a by ,2a  b by ,2b  we have 

( ),74 22
baz +=  

,4217525
22

abbau −+−=  

.50213 22
abbav −−=  (36) 

Substituting u and v in (2), we have 

( ) ,9215422, 22
abbabaxx −+−==  

( ) .819628, 22
abbabayy ++−==  (37) 

Thus (36) and (37) represent the integer solutions of (1) in two parameters. 

Pattern 10 

Consider 1 as 

 
( ) ( )

.
121

743743
1

ii −−+−
=  (38) 

Using (5), (25) and (38) in (24) and employing the method of factorization, define 

( ) ( )( ) .
11

743
7767

2







 +−
++=+

i
biaiviu  

Equating real and imaginary parts, we have 

[ ],29432246
11

1 22
abbau −+−=  

[ ].9214721
11

1 22
abbav −−=  

As our interest is on finding integer solutions, choose a and b so that u and v are 

integers. Replacing a by ,2a  b by ,2b  we have 

( ),7121 22
baz +=  

,32343542506
22

abbau −+−=  

.10121617231 22
abbav −−=  (39) 
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Substituting u and v in (2), we have 

( ) ,42461925275, 22
abbabaxx −+−==  

( ) .22225159737, 22
abbabayy −+−==  (40) 

Thus (39) and (40) represent the integer solutions of (1) in two parameters. 

Pattern 11 

Write 1 as 

 
( ) ( )

.
64

731731
1

ii −−+−
=  (41) 

Using (5), (25) and (41) in (24) and employing the method of factorization, define 

( ) ( )( ) .
8

731
7767

2







 +−
++=+

i
biaiviu  

Equating real and imaginary parts, we have 

[ ],23818927
8

1 22
abbau −+−=  

[ ].5411917
8

1 22
abbav −−=  

As our interest is on finding integer solutions, choose a and b so that u and v are 

integers. Replacing a by ,8a  b by ,8b  we have 

( ),764 22
baz +=  

 ,19041512216
22

abbau −+−=  

.432952136 22
abbav −−=  (42) 

Substituting u and v in (2), we have 

( ) ,233656080, 22
abbabaxx −+−==  

 ( ) .14722464352, 22
abbabayy −+−==  (43) 

Thus (42) and (43) represent the integer solutions of (1) in two parameters. 
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3. Conclusion 

In this paper, we have presented different patterns of integer solutions to the 

ternary quadratic equation ( ) 222 4332 zxyyx =−+  representing the cone. As the 

Diophantine equations are rich in variety, one may attempt to find integer solutions to 

other choices of equations along with suitable properties. 
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